Introduction {#Sec1}
============

It is known that quantum entanglement arises when the wave function of a particle system cannot be represented as a product of the wave functions of each particle. There are many such systems from which to choose. The basic method of quantum entanglement of particles is spontaneous parametric down-conversion (SPDC)^[@CR1]--[@CR3]^. In this process, when a nonlinear birefringent crystal is irradiated by a laser pump field the pump photons decay with a low probability into two quantum-entangled photons of lower frequencies. Despite the low probability of the decay of the pump photon, SPDC has been widely studied and has many practical applications in quantum computer science. This is due to the fact that this method is the simplest for obtaining quantum-entangled photons. While other more sophisticated methods of generating entangling particles have been proposed^[@CR4]--[@CR8]^ none of them result in a greater probability of entanglement of the particles under consideration than SPDC^[@CR9],[@CR10]^. There is also a difficulty with the theoretical study of the various methods, which is that basically, quantum entanglement is a complex process for the mathematical research. For the systems under consideration, it is impossible to solve exactly the nonstationary Schrodinger equation and calculate the entanglement parameter (for example, the Von Neumann entropy in the case of a two-component system). Solutions are mainly sought using higher orders of perturbation theory and on the basis of these solutions conclusions are drawn about quantum entanglement. It is known that perturbation theory is applicable if there is a weak interaction of particles in the system, and therefore use of this theory is based on the assumption that quantum entanglement is not a large quantity. In order to study a system with large quantum entanglement, the exact solution of the Schrodinger equation must be used - a task that is very difficult to achieve mathematically. Nonetheless, when studying quantum entanglement, such a solution would be of fundamental interest. In quantum physics, it is known that exact solutions of the Schrodinger equation do present any great difficulty. In studying quantum entanglement, one can include a two-level model of Jaynes-Cummings^[@CR11]^ in order to achieve sufficiently accurate solutions. In this model are studied the physical characteristics of a two-level atom in an electromagnetic field. It should also be noted that the Jaynes-Cummings model describes the system of a two-level atom interacting with a quantized electromagnetic field, which greatly limits its application to many physical systems (the results presented in this work go beyond this limitation). Also some model problems and particular cases for the stationary Schrodinger equation^[@CR12],[@CR13]^. Quantum Dynamics of quantum-entangled systems is being studied actively at the present time^[@CR14]--[@CR17]^. For example, on the basis of the exact solution of the nonstationary Schrodinger equation for an atom in a strong two-mode electromagnetic field, it has been shown^[@CR17],[@CR18]^ that there is a strong quantum entanglement between photons. However, as this solution is based upon the assumption that the external electromagnetic field is many times stronger than the Coulomb field of attraction of an electron in an atom, it does not promote an understanding of the influence of the Coulomb field on quantum entanglement. Therefore, the problem of finding a system whose quantum entanglement is large, and also in which it would be possible to mathematically study quantum entanglement on the basis of an exact solution of the Schrodinger equation, is topical. In addition to this relevance, the problem of practical application is important, i.e. the proposed method should be simple enough for practical implementation.

It should be added that quantum entanglement is widely used in quantum computer science. That is why at present a great interest is attracted to this problem. In particular, using entangled states, it is possible to explain quantum communication protocols^[@CR19]^, such as quantum cryptography^[@CR20]^, quantum coding^[@CR21]^, quantum key distribution^[@CR22]^, quantum secure direct communication^[@CR23]^, quantum machine learning^[@CR24],[@CR25]^, entanglement swapping^[@CR26],[@CR27]^, quantum computing algorithms^[@CR28]^ and quantum state teleportation^[@CR29]^. There are quite a lot of practical problems in quantum informatics, one of which is the weak generation of quantum-entangled particles. The method of generation of quanta-entangled particles proposed in this work gives a large amount of quantum entanglement.

In this paper we study the generation method of quantum entanglement of a harmonic oscillator with an external electromagnetic field. A harmonic oscillator can be an electron in a uniform magnetic field with induction **B**, see Fig. [1](#Fig1){ref-type="fig"}. It is known^[@CR30]^ that in such a field the electron behaves like a harmonic oscillator with frequency $\documentclass[12pt]{minimal}
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                \begin{document}$${\omega }_{c}=\frac{Be}{{m}_{e}c}$$\end{document}$, where *c* is the speed of light, *m*~*e*~ and −*e* are, the mass and charge of an electron, respectively. The wave function of such a system can be found on the basis of the exact solution of the Schrodinger equation of the specific system being studied. The quantum entanglement of the system can be studied using the analytical form of the Schmidt mode^[@CR31],[@CR32]^ and the von Neumann entropy^[@CR33],[@CR34]^. It is shown that for certain parameters of the system under consideration, a large quantum entanglement is possible.Figure 1Interaction of an electromagnetic field with an electron in a magnetic field.

Exact solution of the Schrodinger equation {#Sec2}
==========================================

Let us consider, at a time *t* \> 0, a quantized electromagnetic field acting on a system consisting of a quantum harmonic oscillator. The interaction of a harmonic oscillator of mass *m* occurs via an electric charge *e*. The Schrodinger equation for this system will be$$\documentclass[12pt]{minimal}
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In the expression: ([1](#Equ1){ref-type=""}) *δ* = 0 corresponds to one type of interaction, and *δ* = 1 to another type; *i* is the imaginary unit; *ω*~*c*~ is the frequency of the oscillator; $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{a}}_{{\bf{k}},{\bf{u}}}$$\end{document}$ are the creation and annihilation operators, respectively, for photons with the wave vector **k** and the polarization **u**; and the vector potential of the electromagnetic field $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{H}}_{f}$$\end{document}$ and expression ([2](#Equ2){ref-type=""}) include all possible values of the wave vector **k** and the polarization **u**. Next we consider a single-mode field, in which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\sum }_{{\bf{k}},{\bf{u}}}$$\end{document}$ has one summand with the wave vector **k** with polarization **u**. Further, for convenience we apply a system of units similar to atomic *ħ* = 1, *m* = 1, *e* = 1. It should be added that any suitable physical system can be an oscillator. In such a system, the charge *e* and the mass *m* depends on the problem under consideration. Therefore, everywhere below, under the oscillator interacting with the electromagnetic field, we mean any suitable physical system, the Schrodinger equation of which is described by the expression ([1](#Equ1){ref-type=""}). Now consider expression ([1](#Equ1){ref-type=""}) in the dipole approximation in which the vector potential, expressed in terms of field variables, is equal to $\documentclass[12pt]{minimal}
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                \begin{document}$$a=\sqrt{\frac{4\pi {c}^{2}}{\omega V}}$$\end{document}$, *ω* is the frequency of the mode under consideration, *V* is the quantization volume, and *q* is the field variable of the mode. Since we are considering a single-mode electromagnetic field, it is convenient to orient the polarization vector along the *x* axis i.e. **u** = **i**, where **i** is the unit vector directed along the *x* axis (the same assumption applies throughout the paper).

For example, expression ([1](#Equ1){ref-type=""}) for *δ* = 0 corresponds to the case of an electron in a magnetic field interacting with an external quantized electromagnetic field if the polarization of the electromagnetic field **u** is in the plane perpendicular to the magnetic induction vector **B**. This is easily obtained by using the Landau gauge^[@CR30]^ for the magnetic field **A**~*L*~ = *Bx***j**, where **j** is the unit vector directed along the *y* axis.

As a result, the dynamics of the system, and electronic transitions are not determined by the stationary Schrodinger equation with the Hamiltonian$$\documentclass[12pt]{minimal}
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                \begin{document}$$\beta =\sqrt{\frac{4\pi }{\omega V}}$$\end{document}$. It should be clarified that expression ([3](#Equ3){ref-type=""}) corresponds to the Hamiltonian without the variables *y*, *z*, since the wave function corresponding to the solution of equation ([1](#Equ1){ref-type=""}) Ψ(*x*, *y*, *z*, *q*, *t*) = Ψ(*y*, *z*, *t*)Ψ(*x*, *q*, *t*), and this means that Ψ(*y*, *z*, *t*) is not a perturbed wave function and therefore does not affect the electronic transitions of the system under the action of an external electromagnetic field. Extending the argument, we replace $\documentclass[12pt]{minimal}
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We consider the nonstationary Schrodinger equation with the Hamiltonian ([4](#Equ4){ref-type=""}). We represent the differential equation in question in the form$$\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{S}}^{-1}\,\hat{S}=1$$\end{document}$). Finding the solution of the Schrodinger equation ([5](#Equ5){ref-type=""}), we obtain the required wave function using the inverse transformation $\documentclass[12pt]{minimal}
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It should be noted that the choice of the operator $\documentclass[12pt]{minimal}
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Knowing the form of the operator $\documentclass[12pt]{minimal}
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When *β* → 0, the system must go to the initial state, for this it is necessary to use the upper sign in expression ([7](#Equ7){ref-type=""}) (and elsewhere below) for *ε* \> 0, and the lower sign when *ε* \< 0. The case with *ε* = 0 will be considered below. As a result, the expression for $\documentclass[12pt]{minimal}
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It is not difficult to solve the Schrodinger equation with the Hamiltonian ([8](#Equ8){ref-type=""}), since all the variables are separated. The solution for the nonstationary equation will be sought in the form $\documentclass[12pt]{minimal}
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Next, we write out the wave function of the Hamiltonian ([8](#Equ8){ref-type=""}) in the form $\documentclass[12pt]{minimal}
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Function ([14](#Equ14){ref-type=""}) can be calculated analytically using the table integral^[@CR35]^, but the result is complicated enough without doing further analysis. It will be shown later that for calculating probabilities and quantum entanglement, the analytic form of the function ([14](#Equ14){ref-type=""}) is not required, so this calculation is not given here.
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If in the expression ([16](#Equ16){ref-type=""}) the coefficient *A*~*n*,*m*~ is renamed so that it reflects information about the state from which it is calculated $\documentclass[12pt]{minimal}
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Next, we make a simplification, based on the fact that the parameter *β* entering expression ([17](#Equ17){ref-type=""}) is a small quantity. Indeed, for a realistic microcavity or focal volume^[@CR36]^, this value is of the order of 10^−5^--10^−3^, although it is usually even less. It can be seen from expressions ([7](#Equ7){ref-type=""}), ([9](#Equ9){ref-type=""}) and ([15](#Equ15){ref-type=""}) that the quantum entanglement of the system will be significant if the parameter *ε* is a finite value. Since $\documentclass[12pt]{minimal}
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In order to calculate ([16](#Equ16){ref-type=""}) with the wave function ([18](#Equ18){ref-type=""}), the results of previous research^[@CR17]^ must be used where an integral of this kind was calculated. As a result, we obtain$$\documentclass[12pt]{minimal}
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                \begin{document}$${P}_{a}^{(b,c)}(x)$$\end{document}$ is the Jacobi polynomial. In expression ([19](#Equ19){ref-type=""}), as was shown in the previous study in calculating the integral^[@CR17]^, the condition *s*~1~ + *s*~2~ = *m* + *n* is fulfilled. If the condition *s*~1~ + *s*~2~ = *m* + *n* is satisfied, then *m*~1~ + *m*~2~ = *m* + *n* is executed, which means *s*~1~ + *s*~2~ = *m*~1~ + *m*~2~. This is a very important condition; as will be shown below, its use permits the calculation of the Schmidt modes.

Thus, the probability amplitude for detecting a system in the state \|*m*~1~〉 \|*m*~2~〉 during the evolution of the system from the state \|*s*~1~〉 \|*s*~2~〉 is obtained in the analytical form and is determined by the expressions ([10](#Equ10){ref-type=""}), ([19](#Equ19){ref-type=""}) and$$\documentclass[12pt]{minimal}
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In the expression ([20](#Equ20){ref-type=""}), up accurate to an inessential phase, $\documentclass[12pt]{minimal}
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Schmidt's Modes and Quantum Entanglement {#Sec3}
========================================

According to Schmidt's theorem^[@CR31],[@CR32]^, the wave function of the system can be expanded in the form $\documentclass[12pt]{minimal}
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Using expression ([21](#Equ21){ref-type=""}), the definition of the reduced density matrix can be obtained$$\documentclass[12pt]{minimal}
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We now present the results of quantum entanglement for the Von Neumann entropy *S*~*N*~. As an example, in Fig. [2](#Fig2){ref-type="fig"} we consider the dependences of *S*~*N*~ = *S*~*N*~(*δt*) on the dimensionless parameter for *α* = (1, 3/4, 1/2, 1/10, 1/100) and four variants of photon numbers *s*~2~ and oscillator *s*~1~. Calculation of entropy, for negative values of *α*, is not necessary, since *λ*~*k*~ is an even function *λ*~*k*~(*α*) = *λ*~*k*~(−*α*). From this it follows that *λ*~*k*~, and hence the probability $\documentclass[12pt]{minimal}
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                \begin{document}$$|{a}_{{m}_{1},{m}_{2}}(t){|}^{2}$$\end{document}$, of detecting a system in the state \|*m*~1~〉 \|*m*~2~〉 is a continuous function; nonetheless, *α* for *ε* = 0 is interrupted. Indeed, if *λ*~*k*~(*α*) = *λ*~*k*~(−*α*), then *α* can be replaced by *α* → \|*α*\|, where $\documentclass[12pt]{minimal}
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                \begin{document}$$|\alpha |=\sqrt{{\varepsilon }^{2}+1}-|\varepsilon |$$\end{document}$, which is a continuous function.Figure 2The results of calculating the Von Neumann entropy *S*~*N*~ = *S*~*N*~(*δt*) for *α* = (1, 3/4, 1/2, 1/10, 1/100) and (**a**) *s*~1~ = 0, *s*~2~ = 10; (**b**) *s*~1~ = 5, *s*~2~ = 10; (**c**) *s*~1~ = 10, *s*~2~ = 10; (**d**) *s*~1~ = 20, *s*~2~ = 10.

Conclusion {#Sec4}
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It can be seen from formula ([20](#Equ20){ref-type=""}) and Fig. [2](#Fig2){ref-type="fig"} that the entropy *S*~*N*~ = *S*~*N*~(*δt*) is a 2*π* periodic function, i.e. *S*~*N*~(*δt*) = *S*~*N*~(*δt* + 2*π*). It is also interesting to note that when *δ* \~ *β*, the value is small; therefore, in order for the system to have a large quantum entanglement, it takes *t* \~ 1/*β*. The system will quickly go into a quantum-entangled state in the case when *ω*~*c*~ is distinguishable from *ω*, but when $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma \ll 1$$\end{document}$, so the quantum entanglement will be small. As a result, we can say that to achieve a large quantum entanglement of the system, *ω*~*c*~ ≈ *ω* is necessary, with Δ*ω* = *ω*~*c*~ − *ω* less or about *β*, but the time for large quantum entanglement must be large *t* \~ 1/*β*. In the opposite case (*ω*~*c*~, as distinct from *ω*), the system quickly becomes a quantum-entangled state, but the quantum entanglement is very small. Quantum entanglement will be a large value in the case of $\documentclass[12pt]{minimal}
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                \begin{document}$${s}_{1}+{s}_{2}\gg 1$$\end{document}$, for example, when the number of photons is large. It is known that the Von Neumann entropy has the maximum value *max*{*S*~*N*~} = ln *N*, where *N* is the number of nonzero eigenvalues; in our case, therefore, *max*{*S*~*N*~} = ln(*s*~1~ + *s*~2~) (which is well illustrated by the Fig. [2](#Fig2){ref-type="fig"}). The advantage of the problem under investigation is that the quantum entanglement is not limited to the framework of the model and can take arbitrarily large values for a certain choice of *s*~1~ and *s*~2~. The presented method can be an intensive source of quantum-entangled electrons with photons. To characterize the intensity (or probability) of quantum-entanglement, the Schmidt parameter or the Von Neumann entropy is most often used. For example, if we compare the quantum entanglement on the basis of the Schmidt parameter, we get that the presented method can give more orders of magnitude more quantum entanglement than at SPDC. Indeed, the Schmidt parameter for SPDC in practice can be no more than ten^[@CR37]^, in theory can reach several hundred^[@CR38]^, but in our case this parameter is unlimited. For example, for *s*~1~ \~ 10^6^ or *s*~2~ \~ 10^6^, and also *α* \~ 1, the Schmidt parameter is easy to calculate and at the maximum it can reach *K* \~ 10^6^. It should also be added that the study of the quantum entanglement of the system under consideration is possible only on the basis of an exact solution of the Schrodinger equation ([1](#Equ1){ref-type=""}). Other approaches, for example, using the Jaynes-Cummings model to solve the problem under consideration would not be possible, since our task is multilevel. An experimental realization of this method of quantum entanglement of an electron with an electromagnetic field is possible. To do this, it is sufficient to place an electron in a magnetic field and irradiate such a system with a non-classical electromagnetic field. The methods for obtaining nonclassical states of the electromagnetic field are well known. In order for quantum entanglement to be essential, it is necessary to select the parameters of the electromagnetic field so that *α* \~ 1 (see ([7](#Equ7){ref-type=""})) for *ω* ≈ *ω*~*c*~, and also to choose large values of quantum numbers *s*~1~ and *s*~2~.

In summary, a system consisting of a quantum harmonic oscillator interacting with a quantized electromagnetic field has been studied. The main result of this work is that it should now be possible to obtain in an analytic form the main characteristics of such a system as well as the probability of transitions and the Schmidt mode; quantum entanglement could also be studied further using, the Von Neumann entropy, and such a system could also be used as an intensive source of quantum-entangled photons with an electron.
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